Chp 4 Roots and Powers (Radicals and Exponents)

4.2 Rational and Irrational Numbers

NATURAL NUMBERS (N)					INTEGERS (I)
  
  Example:1,2,3,4…		     WHOLE NUMBERS           Example:…-2,-1,0,1,2…
                                                              
                                                            Example:0,1,2,3…










IRRATIONAL NUMBERS () 		RATIONAL NUMBERS (Q)
1) when converted to decimal form they are:	1) numbers that can be written        *nonterminating and					in fraction form. A quotient of 
*non–repeating					integers
therefore they cannot be written as fractions	2) as radicals they DO have exact roots
2) as radicals they DON"T have exact roots		3) when converted to decimal form
							they:
							*terminate(end) or
							*repeat (pattern)
Examples:							Examples:

 = 3.1415…						-5 =
 =	1.41421…						0.25= 			 1.7099…						 = 3
0. =
- 2 =
								  5
                                                                                                = 4



REAL NUMBERS
-all numbers that can be expressed in decimal form
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Ex.1
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Ex.2
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Perfect Square Numbers and Perfect Cube Numbers are used a lot in this chapters, so you should know most of them from memory. I should know the perfect square numbers up to , and the perfect cubes up to at least 
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Do Qn's p.221 #1-5
4.3 Mixed and Entire Radicals – Again you need to know your perfect Square/Cube numbers from memory. Most of these questions are considered to be "non-calculator questions".

Ex.1 Entired to Mixed Radicals
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Ex.2
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Mixed to Entire Radicals
[image: ]
Do Qn's p.221 #9&11
4.4 Fractional (Rational) Exponents and Radicals – Roots can be written as Radicals and vice versa.
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Ex.1
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Writing Fractional Exponents as Radicals
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                                                         *Preferred Method*

Writing Radicals as Exponents
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Ex.2
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Ex.3 Evaluating Radicals and Powers (without a calculator)
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Do Qn's p.236 #1-3
4.5 Negative Exponents and Reciprocals
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Ex.1 Evaluating Exponents with Negative Integers
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Ex.2 Evaluating Exponents with Negative Fractional (Rational) Exponents
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Ex.3
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Ex.4
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Or    
     

















Do Qn's p.236 #7&8
4.6 Applying the Exponent Laws

Prior Knowledge
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Ex.1
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Ex.2
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Or 


Ex.3
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Ex.4
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    Do Qn's p.249 #6&7   
                                        Chp 4 Study Guide
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Estimating Square Roots

We can use perfect squares and their square roots to estimate other square roots

Number 0 1 4 9 | 16| 25| 36 | 49 | 64 | 81 | 100

Square root [ O 1 2 3 4 5 6 7 8 9 |10

To estimate y30:
From the 1st row in the table, 30 is between 25 and 36.
From the 2nd row in the table, /30 is between 5 and 6

Estimate to 1 decimal place: y30 = 5.5
square the estimates.
Square the estimate: 5.5% = 30.25 This is high

Revise the estimate: /30 = 5.4
Square the estimate: 5.47 = 29.16  This is low.
30.25 is closer to 30, so {30 is about 5.5
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Cube Roots

We can use perfect cubes and their cube roots to estimate other cube roots,

Number 0 1 8 | 27 | 64 | 125|216 |343| 512|729 (1000

Cube root 0 1 2 3 4 5 6 7 8 9 |10

To estimate ¥30:
From the Tst row in the table, 30 is between 27 and 64, but much closer to 27.
From the 2nd row in the table, 30 is between 3 and 4, but much closer to 3
Estimate to 1 decimal place: ¥30 = 3.1
Cube the estimate: 3.1° = 29.791 This is low.

Use a calculator to
Revise the estimate: ¥30 = 3.2
Cube the estimate: 3.2° = 32.768 This is high
29.791 is closer to 30, so 330 is about 3.1
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Write each radical in simplest form. Check by evaluating each radical.

a) /99 b) 72 9 i72
Solution
a) /99

Write 99 as a product of factors, one of which is a perfect square.
99 =9x 11

J99 = Jax11 Use the multiplication property. 3/T7 is the simplest form
- @ x m because the radicand 11 has no
factors, other than 1, that are
3x /11 perfect squares.
=3/1

Check: Use a calculator to evaluate each radical.

J39=00498..  and 3,71 =00498.
The decimal values appear to be equal

b) (72
Write 72 as a product with one perfect-square factor. - ——
72=4%18,0r72=9x 8,072 =36 X 2 {72 isan entire radical.
Use the product with the greatest perfect-square factor:
72=36x2
V72 =36 %2 Use the multiplication property.
=J3%6x 2
6x.2

6/2




image9.png
Q

Check: Use a calculator to evaluate each radical

V72 = 8.4852.. and 62 =84852..

The decimal values appear to be equal

7z

Write 72 as a product with one perfect-cube factor.

72=8x%9

¥72 =8 %9 Use the multiplication property.
_Ex e Use the table of perfect
= cubes on page 203.
=2x39
=299

Check: Use a calculator to evaluate each radical

¥72 = 4.1601. and 239 =4.1601.

The decimal values appear to be equal
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simplify: Y432

Solution

432

Write 432 as a product of prime factors.
432=2-2-2-2-3-3-3

so,{432=32222333
For the cube root, identify groups of 3 equal factors.
¥432=32-2-2-2-(3-3-3)  Use the muttiplication property.
=222-2-333
=2-32-3
=2-3-12
=612

Tse a calculator to keep
dividing by prime numbers,
then list the factors. Or, you
could use a factor tree,
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Write each mixed radical as an entire radical

3 Example 3 reverses
227 b) 573 the process of

Examples 1and 2.
Solution

a)2/7
Write 2 as a radical with index 2.
2=J2-2,0r /4 P
/7 is a square root, so
Replace the factor 2 with J4. write 2 as a square root.
2/7=Va-77 Use the multiplication property.
=/a7
You can check by
=V evaluating 2,/7 and /z%, then
b)533 comparing results.
Write 5 as a radical with index 3.
5=35-5.50r {125
Replace the factor 5 with 3/125. 33 is a cube root,
533 =¥125-33 Use the multiplication property, 2. 7ite & as a cube root
=¥125-3

=375
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Investigation with a calculator suggests that:
« Raising 2 number to the exponent % is the same as finding its square root.

« Raising 2 number to the exponent % is the same as finding its cube root.
For example,

1 1
J3=3" and 10°=/10
1 1
=4 ad 2°=311

Powers with Fractional Exponents with Numerator 1

)
™ =[x, where n is a natural number, and x is a rational number
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a) Evaluate each power.

1 il 1 Raising a number to the exponent
i 162 i i 16°
e ii) (647 i) 16 z’ix!hesameaxﬁnding!hefounh
b) Find the value of each power and radical to 2 decimal places. root of the number.
1 1
)72 i) 24° 120 iv) Y68

Solution

1
i) (-64) =

1 1 Use the tables of roots on
b) i) 72 i) 24° Ppages 202 and 203.

Use the A key: Use the A key:

7-c1/2) 24°C1/3
2645151311 2.884439191

1 1
So, 72 = 2.65 So, 24% = 2.89
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20 iv) 468
Use the ¥ key: Use the § key:

33120

So, ¥120 = 49 So, 468 =29
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Some fractional exponents have numerators greater than 1.

5
For example, 16‘\% can be written as 3 x % or % x3
5

So, 16% can be written as:

3 1 3

ERE 1,
16 =16 * or 167 = 164
1 1)
= ey = (15~)
® - (18
The 4th root of 16° The cube of the 4th root of 16

The numerator represents a power.

!
F=v7 or

=@

The denominator represents a root.

S

In general:

Powers with Fractional Exponents

R N

where m and n are natural numbers, and x is a rational number
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2
Write 153 as a radical in two ways.

Solution

2<——the exponent of the power

"5~ the index of the root

(5
2
As the power of a root: 15° = (¥75)°

2
As the root of a power: 157
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Write as a power with a fractional exponent.

b) (47)°

denominator in the exponent

a) J57<————— numerator in the exponent

2
=9
denominator in the exponent

3<——— numerator in the exponent
b) (47)

(-7
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a) Evaluate each power.
3
i) 167
b) Evaluate: I2°

Solution
2 \3 2z \2
a)i) 162 = ({18, i) 27° = (327)
=@y =037
-4 -
b) 32
) ‘/S_s The root and the power
2°=64 «can be calculated in either
order. It is usually easier to

find the root first.

S0, ¥2° = ¥ed
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A power such as 2-* is equivalent to %

And, = is equivalent to 3°.

1
3
In general:

Powers with Negative Exponents

ek ad v-ty

‘where x is any number, except 0, and » is a rational number
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Evaluate each power.
a)s? b) 10002 =

Solution

i
0002
1 -1 =8
125 ~ 1000000

a

= b) 10007 =

a)57=
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Evaluate each power.
1 1
a)a? b) (-27)°

Solution

B

a)4’=

To check part a, we could
use a calculator to

1
evaluate 4 % and L
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Evaluate each power.

) 2
a)16 ¢ b)27°
Solution

b27°=-1

7

1 __1

(1ey 277

1 -

@7 37
=1 -1
8 9
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In general:

Negative Exponents and Reciprocals

6-C)

where a and b are not equal to 0, and n is a rational number.

s
(%) is a power of a quotient.

oo @) 0)-124
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Evaluate each power.

a) (%)” b) 172

Solution

a) @’3 Write the reciprocal with a positive exponent.

5

-z

-1
B

When you input a negative
numbei, use the change sign
key () and not the
subtraction key.

b) 1.772
Use a calculator.

1.77% = 0.3460...
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Exponent Laws

Product of powers: "~ a"=a" "
Quotient of powers: @™ a" a0
Power of apower:  (a")" = ™"

Power of a product: ~(ab)" = a"b"

) @\ _a"
Power of a quotient: (E) b *o
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Simplify each expression by writing it as a power with a positive exponent.

RER b 577 (5 o EE)

6

Solution

Use the exponent laws

a) 37.3 Multiply powers by adding exponents.
3742
=3 Write as a power with a positive exponent.
1
B
b) 7767 Find the power of a power by multiplying exponents.
=677 (577
=5".5°¢ Multiply powers by adding exponents
)
=5% Write as a power with a positive exponent.

=
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(67°)6%)
=
68+
=
64
63
]

In the numerator, multiply powers by adding exponents

Divide powers by subtracting exponents.

|

=67 Write as a power with a positive exponent.
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Simplify each expression by writing it as a power with a positive exponent.

1 ) 1 ~
a) 3757 270 98 “5)(55‘ 9

Solution

Multiply powers by adding exponents,

Write the exponents with a common denominator.

In the 2nd factor, find the power of a power by multiplying exponents

Multiply powers by adding exponents,

Write the exponents with a common denominator.

=2

Write as a power with a positive exponent.
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(5°°)5")
s

505415

e

5

-2

<

—gi-os

_ 505

In the numerator, multiply powers by adding exponents

Divide powers by subtracting exponents
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Simplify.
a)3at-at-at b) (2¢ - 3%

12a%
337

a) 33%-a°-a* Multiply powers by adding exponents.

b) (2237 Group like factors; put coefficients together and variables
together.
=(@2-3-2-x°  Multiply coefficients. Multiply powers by adding exponents.
=62
=6-x3F Find the power of a power by multiplying exponents.
PERVEPEY
=216-x7 Write x~° with a positive exponent
—216-1
=216
216
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_12, 2

=a.°
4.2l
=48
=43°

Group like factors,

Divide coefficients. Divide powers by subtracting exponents.
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2
10a*
b) g

Multiply powers by adding exponents.

Write exponents with a common denominator.

Group like factors.

Divide coefficients. Divide powers by subtracting exponents.

Write exponents with a common denominator.

3
Write a # with a positive exponent.
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skl

Descrption

Bample

Clasy radcals s | A radical s rational f .can be | Clasy each radica s ratona o
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expresions and bases, and forvarioble | X7 X

bases. The expression is usually
written with postive exponents.
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A rational number is a number that can be written as a fraction, with
denominator not 0.

Rational numbers have decimal values that either terminate or repeat.
For example,

4_2 T331=11
573
= 0.6666... This decimal terminates.
=06 All

This decimal repeats.

So, J;and ¥1.331 are rational numbers.
Numbers whose decimals don't repeat or don't terminate

are irrational numbers.
For example, ¥12 = 2.289 428 485.
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Tell whether each number is rational or irrational

9
a) /625 b) ¥26 9 755
Solution

Use a calculator.

a) /625 = 25
25 can be written as 22, or 25.0; s0 /825 s rational

b) ¥26 = 2.962 496 068...
This decimal doesn't terminate or repeat, 50326 is irrational
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Use the number line below to order these numbers from least to greatest:

V17,778, %6

4
+
3 2 4 0 1 2 3 4 5

Solution

Estimate /17:
17 is between the perfect squares 16 and 25, and is closer to 16.
So, /17 is between 4 and 5, and closer to 4.

a7
e
1

4
+
8 2 -1 0 1 2 3 4 5

¥=8is the least number because it is negative and all the other radiicals are positive

¥8=-2

Use the table of perfect cubes on
page 203. The cube root of a
negative number is negative.
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Estimate 76

6 is between 1 and 8, and is closer to 8. Use the table of perfect
cubes on page 20:

So, ¥6 is between 1 and 2, and closer to 2.

a7
P
F——+
3 4 5

From the number line above, the order from least to greatest is: 78, ¥6, V17




